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HAMILTONIAN STATIONARY TORI IN THE COMPLEX 
PROJECTIVE PLANE 
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1. Introduction 

Hamiltonian stationary Lagrangian surfaces are Lagrangian surfaces of a given 
four-dimensional manifold endowed with a symplectic and a Riemannian structure, 
which are critical points of the area functional with respect to a particular class of 
infinitesimal variations preserving the Lagrangian constraint: the compactly sup- 
ported Hamiltonian vector fields. The Euler-Lagrange equations of this variational 
problem are highly simplified when we assume that the ambient manifold Af is 
Kahler. In that case we can make sense of a Lagrangian angle function (3 along 
any simply-connected Lagrangian submanifold S C A/" (uniquely defined up to the 
addition of a constant). And as shown in |19| the mean curvature vector of the 
submanifold is then H = J V/3, where J is the complex structure on M and V/3 is 
the gradient of /? along S. It turns out that S is Hamiltonian stationary if and only 
if /3 is a harmonic function on S. 

A particular subclass of solutions occurs when (3 is constant: the Lagrangian sub- 
manifold is then simply a minimal one. In the case where A/" is a Calabi-Aubin- 
Yau manifold, such submanifolds admit an alternative characterization as special 
Lagrangian, a notion which has been extensively studied recently because of its 
connection with string theories and the mirror conjecture, see j21| . 

An analytical theory of two-dimensional Hamiltonian stationary Lagrangian sub- 
manifolds was constructed by R. Schoen and J. Wolfson |19| . proving the existence 
and the partial regularity of minimizers. In contrast our results in the present paper 
rest on the fact that, for particular ambient manifolds A/", Hamiltonian stationary 
Lagrangian surfaces are solutions of an integrable system. This was discovered first 
in the case when A^ = in |1U| and In a subsequent paper we proved 
that the same problem is also completely integrable if we replace by any two- 
dimensional Hermitian symmetric space. Among these symmetric spaces one very 
interesting example is CP^, because any simply-connected Lagrangian surface in 
CP^ can be lifted into a Legendrian surface in . Furthermore the cone in 
over this Legendrian surface is actually a singular Lagrangian three-dimensional 
submanifold in C'^; and the cone in C'^ is Hamiltonian stationary if and only if the 
surface in CP^ is so. 

A similar correspondence has been remarked and used in |12| . |16) and [7] in the 
case of minimal Lagrangian surfaces in CP^ and allows these Authors to connect 
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results on minimal Lagrangian surfaces in CP^ I2U | to minimal Legendrian surfaces 
in |13) and special Lagrangian cones in C'^. 

Our aim in this paper is the following: 

- to expound in details the correspondence between Hamiltonian stationary La- 
grangian surfaces in CP^ and Hamiltonian stationary Legendrian surfaces in 

and a formulation using a family of curvature free connections of this inte- 
grable system ftheorem l2.6ll . We revisit here the formulation given in us- 
ing twisted loop groups. Roughly speaking it rests on the identifications CP^ ~ 
S'[/(3)/S'([/(2)x^7(l))and(S'^ contact structure) ~ {U{'3)/U{2) x U{l).,Al = 
where is a component of the Maurer-Cartan form. We also show that this 
problem has an alternative formulation, analogous to the theory of K. Uhlen- 
beck (23 for harmonic maps into U (n) , using based loop groups. 

- to define the notion of finite type Hamiltonian stationary Legendrian surfaces in 
S^: we give here again two definitions, in terms of twisted loop groups (which is 
an analogue to the description of finite type harmonic maps into homogeneous 
manifolds according to 2 ) and in terms of based loop groups (an analogue to 
the description of finite type harmonic maps into Lie groups according to f2j). 
We prove the equivalence between the two definitions because we actually need 
this result for the following. We believe that this fact should be well known 
to some specialists in the harmonic maps theory, but we did not find it in the 
literature. 

- we prove in theorem 14.11 that all Hamiltonian stationary Lagrangian tori in 
CP^ (and hence Hamiltonian stationary Legendrian tori in S^) are of finite 
type. This is the main result of this paper. Our proof focuses on the case of 
Hamiltonian stationary tori which are not minimal, since the minimal case 
has been studied by many authors (|2], [201, [131, 0. EHl, ESI)- 
The method here is adapted from the similar result for harmonic maps into 
Lie groups in 3 . However the strategy differs slightly: we use actually the 
two existing formulations of finite type solutions, using twisted or based loop 
groups. One crucial step indeed is the construction of a formal Killing field, 
starting from a given torus solution. This step can be slightly simplified here 
in the twisted loop groups formulation, because the semi-simple element we 
start with is then just constant. However proving that the formal Killing field 
is adapted requires more work in the twisted loop groups formulation (actually 
we were not able to do it directly) than in the based loop groups formulation; 
here we take advantage from the two formulations to avoid the difficulties and 
to conclude. 

- lastly we give some examples of Hamiltonian stationary Legendrian tori in 
S^: we construct in theorem 15. II a family of solutions which are equivariant in 
some sense under the action of the torus, that we call homogeneous Hamiltonian 
stationary tori. These are the simplest examples that one can build. 

Let us add that the structure of the integrable system studied here fits in a clas- 
sification of elliptic integrable systems proposed by C.L. Terng |22| . as a 2nd 
(C/(3), cr, T)-systemt , where a is an involution of C/(3) such that its fixed set is 



^We have here exchanged the notations cr and r with respect to H2i in order to be consistent 
with our notations in Ifll . 
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Ui^)" ~ U{2) X U{1) and U{'3)/U{2y ~ CP^ and r is a 4th order automorphism 
(actuaUy = a) which encodes the symplectic structure on CP^ or the Legendrian 
structure on S^. 

Notations — For any matrix M G GL{n,C), we denote by :— *M. 

2. Geometrical description of Hamiltonian stationary Lagrangian surfaces in 

CP" 

2.1. The Lagrangian angle 

The complex projective space CP" can be identified with the quotient manifold 
^2n+i^^i^ It is a complex manifold with complex structure J. We denote by tt : 
g2n+i — ^ CP" the canonical projection a.k.a. Hopf fibration, and equip CP" with 
the Fubini-Study Hermitian metric, denoted by (•,-)cp" = ■) ~ i^i'T')^ where 
(•, •) is a Riemannian metric and w is the Kahler form^. For each z G 5^"+^ we let 
Tiz be the complex n-subspace in r^S'^"^^ C C"+^ which is Hermitian orthogonal 
to z (and hence to the fiber of d'Kz)- By construction of the Fubini-Study metric, 
diTz ■ Ti-z — > Tt^{z)'CP" is an isometry between complex Hermitian spaces. We call 
the subbundle TC := Uzg5'2n+i7i^ of TS'^"^^ the horizontal distribution. It defines in 
a natural way a connection V^°Pf ~ V-^ on the Hopf bundle tt : 5*^"+^ — > CP", 
whose curvature is 2iuj. As a consequence |18| : 

Proposition 2.1. Let Q, he a simply connected open subset ofW^ and u : — > 
CP" be a smooth Lagrangian immersion, i.e. such that u*w = 0. Then there exists 
a lift 



g2n+l 




n ^cp^ 



such that (m*V^) u ~ (where u*V^ is the pull-back by u of the connection V^J. 
This lift is unique up to multiplication by a unit complex number. Moreover the pull- 
back by u of the symplectic form lo on C"+^ vanishes; we say that u is Legendrian. 

Taking u, u as above, we define, for any orthonormal framing (ei, . . . , e„) of TO., 
the Lagrangian angle /3 by 

e"^ = dz^ A . . . A dz"-^^(^u, du{ei), . . . ,(i{t(e„)). 

which makes sense because (m, du{ei), . . . , du(e„)) is a Hermitian-orthonormal frame, 
for any x £ £7. Furthermore, the result is independent from the choice of the fram- 
ing, and depends on the choice of the lift u only through multiplication by a unit 
complex constant. Hence f3 is defined up to an additive constant and d/3 is always 
well-defined along any Lagrangian immersion u. Another characteristic property of 



^note that the sign convention may vary in the literature, e.g. some Authors use (■,-)cP" = 
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the Lagrangian angle relates it to the mean curvature vector field H along u: 

H=-j\/p (2.1) 
n 

or equivalcntly dp = —H_\uo (see [Bill for details). 

2.2. Hamiltonian stationary Lagrangian submanifolds 

A Hamiltonian stationary Lagrangian submanifold S in CP" is a Lagrangian 
submanifold which is a critical point of the n-volume functional A under first vari- 
ations which are Hamiltonian vector fields with compact support. This means that 
for any smooth function with compact support h S (CP" , R) , we have 

Ma(S) := 

where is the Hamiltonian vector field of h, i.e. satisfies -i + dh = or 
£,h — JVh. We also remark that if / G C^(S, M), then there exist smooth extensions 
with compact support h of /, i.e. functions h S C^(CP",R) such that h\Y. — f, 
and moreover the normal component of (Ch)|5] does not depend on the choice of 
the extension h (it coincides actually with JV/, where V is here the gradient with 
respect to the induced metric on E). So we deduce from above that SA^^{T,) = 
i Jj, (V/3, V/)^ dvol. This implies the following. 

Corollary 2.2. Any Lagrangian submanifold E in CP" is Hamiltonian sta- 
tionary if and only if [3 is a harmonic function on E, i.e. 

As/3 = 0. 

This theory extends to non simply connected surfaces E with the following restric- 
tions. Let 7 be a homotopically non trivial loop. The Legendrian lift of 7 needs not 
close, so that in general its endpoints pi,P2 G 5^"+^ are multiples of each other by a 
factor e*^. The same holds for the Lagrangian angle: f3{p2) = (3{pi) + {n+l)6 mod 2tt 
(since the tangent plane is also shifted by the Decktransformation z 1 — > e^^z). In 
particular f3 is not always globally defined on surfaces in CP" with non trivial 
topology, unless the Legendrian lift is globally defined in S'^"+^/Z„+i (here 'En+i 
stands for the n + 1-st roots of unity in SU{n +1)). 

2.3. Conformal Lagrangian immersions into CP^ 

We now set n = 2. We suppose that is a simply connected open subset of 
~ C and consider a conformal Lagrangian immersion u : O — > CP^. This 
implies that we can find a function p : fl — > M and two sections Ei and E2 
of u*TCP^ such that V(x,j/) e fl, {Ei{x,y), E2{x,y)) is an Euclidean orthogonal 
basis over M of T^(^^ y'^u{^) and 

du = e'' {Eidx + E2dy) . 

We observe that, due to the fact that u is Lagrangian, {Ei, E2) is a also a Hermitian 
basis over C of Tu(x,y)'CP^. 



p-,a) dvol = 0. 
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Let j-j " ^5 be a parallel lift of u as in Proposition 12.11 and (61,62) be the 




unique section of u*T-C x u*T-C which lifts^ {Ei, £2). Then we have 

du — (eidx + e2dy) . 



(2.2) 



Note that \/{x,y) e Q,, (6i(x, y), 62(x, y)) is a Hermitian basis of 7is(x.y), which is 
Hermitian orthogonal to u{x,y). Hence V(x,j/) e il, (6i(a;, y), 62(0;, y), u(x, j/)) is 
a Hermitian basis of C^. Thus this triplet can be identified with some F{x,y) £ 
J7(3). We hence get the diagram U{3) 1 where (• • *) is the mapping 




(■■*) 




CP2 



(61, 62, 63) 



63- 



We define the Maurer-Cartan form A to be the 1-form on ft with coefficients in 
u(3) such that dF = F ■ A. Then we remark that the horizontality assumption 
{du, u)c3 = exactly means that 



Al = 0. 

Moreover the Lagrangian angle function /3s along u can be computed by 

gj/3a ^ dz^ A dz'^ A dz^ (ei, 62, u) = detF. 
As in jlO) we consider a larger class of framings of u as follows. 

Definition 2.3. A Legendrian framing of u along u is a map F : fl 
such that 

- {■ ■ *) o F — u 

- det F = e'f^^ . 



(2.3) 



(7(3) 



It is easily seen that the first condition is equivalent to the fact that there exists 
a smooth map G : Vl — > U (3) (a gauge transformation) of the type 

G(x, y) = ^^^J 5 ) , where g : ^ U{2) 

such that 

F{x,y)=F{x,y)-G-\x,y). 
And then the second one is equivalent to say that g takes values in SU{2). 



^recall that the condition that v G (2*^)^^ means that v is in the horizontal subspace ^^^(^^ y-^ 
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2.4. A splitting of the Maurer-Cartan form of a Legendrian framing 
Using (|2.2I) and H2.3II one obtains the following decomposition of A: 

^ = ^u(l) + ^«iu(2) + , 

with the notations 

Anil) - 1 Q I , A.u(2) - 1 



and ^c^=e^(^ _.(^^^^-^-) 

where Su(i) is a 1-form on with coefficients in u(l) ~ R ^ ^ ^ ) ' ^^"^^^ ^ 
form on il with coefficients in su(2), ^ '■— \ ^ ^- ^ a-nd e := ^ ^ "'^ ^ (so that 

^ ). Note that detF = e'^- imphes au(i) = ^^fi ^ * ^ 

Now we let F : — > C/(3) be a Legendrian framing and A :— F^^ ■ dF. The 
relation F ^ F ■ Q-^ implies that A^G-A- Q-^ - dG • G^i. Hence 

^ = ^u(l) + ^5U(2) + ^C2, 

where, using the fact that u(l) commutes with su(2), 

' 2 




«u(2) - i 



asu(2) \ / 5 • a5u(2) ■ g ^ - dg- g ^ 



and 



= e'' 



g ■ {edz + edz) 

{g ■ {edz + edz j}'' 



We can further split the last term A£2 along dz and dz as Ac2 = A'^2 + A'^2 where 
A',2 eP ( _ J.^^, ) and AJ^. ( _ J. ^ d,. 



2.5. Interpretation in terms of an automorphism 

As expounded in |10| and the key point in order to exploit the structure of an 
integrable system is to observe that the splitting A = ^u(i) +^su(2) +^'c2 +^c2 
responds to a decomposition along the eigenspaces of the following automorphism 
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in u(3)'^, the complexification^ of u(3). We let J := ^ ^ 0^ ) 
t: u(3)C ^ u{3f 

- " -(V (o J 

It is then straightforward that r is a Lie algebra automorphism, that u(3) is stable 
by T and that t'^ = Id. Hence we can diagonalize the action of r over u(3)''' and in 
the following we denote by u(3)^ the eigenspace of r for the eigenvalue i", for a = 
— 1, 0, 1, 2. We first point out that the eigenspaces u(3)q and u(3)2 , with eigenvalues 
1 and —1 respectively, are the complexifications of u(3)o and u(3)2 respectively, 
where 



u(3)o:=|(^-^ Q )/5esu(2)| andu(3)2:=| A* /A,/ie 



This can be obtained by first computing that 
A X \ f J*AJ -JY 



-*Y d \ -^XJ -d 



VA e Af(2,C),VX,F e C^Vde C, 



and by using the fact that VA G 5[(2,C), J*AJ — A. Similarly the eigenspaces 
u{3)i and u(3)''ii, with eigenvalues i and —i respectively, are found to be 

u(3)? - ( f _V ^ ^ e C^, JY = -zX 



and 



u(3)^i = ^( V )/^.5"eC^Jr = ^x 



Now we have the following 

Lemma 2.4. The eigenspaces u{3)'i and u{3)^i can be characterized by 
u(3)? = ( _ (/J'. ,)t ' ) /A e [0, oo), e SU{2) 



and 



Proof. This can be proved either by adapting the argument in section 2.4 of 
|1U| or by a straightforward computation which exploits the fact that V/i € SU{2), 
hJ = Jh, Je = ie and Je = —ie. □ 

We conclude that if, using u(3)'^ = © u(3)^ © u(3)f © u(3)^, we decompose 



twe can define u(3)*' as the set Af(3, C) with its standard complex structure and with the conju- 
gation mapping c : M i — > — M^; clearly c is a Lie algebra automorphism, an involution and the 
set of fixed points of c is u(3). 

Similarly the complexification U{3)*' is the set G-L(3,C) with its standard complex structure and 
the conjugation map C : G i > (G^) 
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A as 

yl = A_i +A0 + A1 + A2, 

where each Aa is a 1-form with coefficients in the u(3)„ , then we recover the previous 
sphtting by setting ^0 — Asu{2), ^2 — ^u(i), ^-1 = ^1 — ^c^- Note that 

the two last conditions actually reflects the conformality of u. 

Remark. Note that by the automorphism property [u(3)a, u(3)fc] C u(3)a+b mod 4- 

2.6. Legendrian framings of Hamiltonian stationary Lagrangian immersions 

Given the Legendrian framing F of a conformal Lagrangian immersion u in CP^, we 
define the family of deformations A\ of its Maurer-Cartan form A, for A e 5^ C C* 

by 

Ax X-^A'^ + \-^A^i +Ao + XAi + X^A'^, (2.4) 
where A'2 := A2{d/dz)dz and A2 := A2{d/dz)dz. We then have the following: 

Theorem 2.5. Given a conformal Lagrangian immersion u : Q, — > CP^ and 
a Legendrian framing F of u, the Maurer-Cartan form of F satisfies 

A_i = = A'c2 and Ai = A'{ = A^2. (2.5) 

Furthermore u is Hamiltonian stationary if and only if, defining Ax as in i2.4}) , 

dAx+AxAAx = 0, yXeS\ (2.6) 

Remark. For X = 1, Ai = A and equation (|2.6|l is a consequence of its defini- 
tion A := • dF. 

Proof See [151 and [TT]- □ 

We remark that all the conditions that have been collected about the components 
Aa can be encoded by the following twisting condition on Ax'- 

yXeS\ t{Ax) = Ax- 

Thus we are led to define the following twisted loop algebra 

Au{3)r := {S^3X^^xe u(3)/VA e S\t{^x) - ^^x}, 

and Ax is a 1-form on with coefficients in Au(3)r. 

Actually Au(3)t is the Lie algebra of the following twisted loop group 

AU{3)r {S^3X^ gx G C/(3)/VA e S\T{gx) = .ga}, 

where the Lie algebra automorphism t : u(3)^ — > u(3)^ has been extended to the 
Lie group automorphism by 

r: U{3f — ^ U{3f 

« " (Y ?)-'"--(o 

Now if we assume that ft is simply connected, then relation H2.6II allows us to 
integrate Ax, i.e. to find a map Fx : fl — > U{3) for any X G such that dFx = 



HAMILTONIAN STATIONARY TORI IN THE COMPLEX PROJECTIVE PLANE 9 

F\ ■ Ax. Moreover if we choose some base point zq e il, then by requiring further 
that Fx{zo) = Id, Fx is unique. A key observation is then that t{Ax) = Aix imphes 
t{Fx) = Fix, VA e S^. Hence, a conformal Lagrangian immersion u : fl — > CP^ is 
Hamiltonian stationary if and only if any Legendrian hft F of it can be deformed 
into a map Fx : — > AU {3)r, such that F^^ -dFx has the form (|2.4|) . Summarizing 
this result with the observations in the previous section we have: 



Theorem 2.6. Given a simply connected domain C C and a base point 
Zq G n, the set of Hamiltonian stationary conformal Lagrangian immersions u : 

Q > CP^ such that u{zq) = [0 : : 1] is in bijection with the set of maps 

Fx '■ r2 > A[/(3)r; such that Fx{zo) = Id and the Fourier decomposition of 

Ax := • dFx, Ax = Efcez^fc-^'' satisfies 

Vfc e Z, fc < -3 =^ Ak = 0, (2.7) 




A^2^a{z)dz\ i \ , where a eC°°{n,C), (2.8) 



A-i ^ A-i{d/dz)dz, i.e. A-i{d/dz) = 0. (2.9) 

Proof. For any conformal Lagrangian Hamiltonian stationary immersion u the 
existence of Fx and the properties 1)2. 7|l . (|2.8I) and H2.9|l are immediate consequences 
of Theorem 12.51 Conversely for any map Fx, conditions H2.7|l . H2.8|l and H2.9|l and 
the reality condition Ax ~ Ax imply that Ax must satisfy ()2.4|l . In particular we 
remark that condition 1)2. 8|l is a reformulation of 1)2.3(1 . Thus by theorem 12.51 we 
deduce that Fi is the Legendrian lift of some Hamiltonian stationary conformal 
Lagrangian immersion. □ 

Remark. ^From the analysis of the Maurer-Cartan form of a Legendrian lift 
we know that actually the function a in is \dl3/dz, where (3 is the La grangian 
angle function. In particular since u is Hamiltonian stationary /3 is harmonic and 
hence a is holomorphic. 

2.7. An alternative characterization 

We introduce here another construction using based loop groups for characteriz- 
ing Hamiltonian stationary Lagrangian conformal immersions. Consider 

Ex ■.^Fx-F-\ 

We can observe that Ex is a map with values in the based loop group 
W{3) {S'3X^ gx G (7(3)^=1 - 1}, 

since Fx=i = F. It is easy to check that f2[/(3) is a loop group, the Lie algebra of 
which is 

nu{3) := {S^3X^^xe u(3)/6=i = 0}. 
Note that the (formal) Fourier expansion of an element G riu(3) can be written 

6 = Efcmm?^-(A'-i)- 



10 FREDERIC HELEIN AND PASCAL ROMON 

The Maurer-Cartan form of E\ is 

= F ■ {F^^ -dFx-F ■ dF) ■ F~'^ = F -{Ax- A)- F~'^ 

= (A-2 - i)r^ + (A-i - i)r_i + (A - i)ri + (a^ - i)r^', 

where F-A'^-F-^T^i := F-A_i -i^-^, Ti := F-Ar F-^ and T'^ -.^ F-A'^-F"^ . 

We can observe in particular that 

T'^^iaiT^dz, where TT^ := • I 1 \ ■ F'^ . 

\ 

Note that is the Hermitian orthogonal projection in onto the plane (more- 
over TT^ is actually independent of the lift u chosen for u) . 

Lastly we point out the following equivariance property with respect to the auto- 
morphism T„ defined^ by 

Tu{M) = F ■ t{F-^ - M -F)- F-\ 

We have obviously = 1. Moreover, setting 

A-^r;, + A-ir_i + AFi + A^r^' 



= F ■ (X-^A'2 + X-^A^i + XAi + X^A'^) ■ F- 



and 7 := 7a=i ^ F ■ {A'2 + A-i + Ai + A'^) ■ so that Ta = 7a - 7, we have 

t«(7a) = 7a- 

3. Finite type solutions 

In we showed how Theorem l2 . 61 allows us to adapt the theory of J. Dorfmeister, 
F. Pedit and H.Y. Wu in order to build a Weierstrass type representation 
theory of all conformal Lagrangian Hamiltonian stationary immersions, i.e. using 
holomorphic data. Here we want to exploit Theorem 12.61 in order to construct a 
particular class of examples of solutions: the finite type ones. 

3.1. Definitions 

We invite the Reader to consult |3], |6j or |8] for more details. We first observe 
that C/(3)o '■— {g & U{3)/T{g) = g}, the fixed set of r, is a subgroup of C/(3), 
the Lie algebra of which is u(3)o (same observation about ?7(3)g). Actually U{3)o 
is isomorphic to SU{2) so that we make the identifications U{3)o ~ SU{2) and 
u(3)o — su(2). We will need an Iwasawa decomposition of SU (2)"' for our purpose: it 
will be a pair (5'C/(2), 05) of subgroups of SU{2f, such that V5 G SU{2f, 3!(/, b) e 



tWe can remark that the definition of Tu is independent from the choice of the Legendrian 
framing F of u, and depends only on u. This means that for any pair of Legendrian framings F 

and F such that F = F ■ G, where G = ^ ^ ^ and g : U > SU{2), we have F ■ t{F-^ ■ M ■ 

F) ■ F~^ = F ■ t(F~^ ■ M ■ F) ■ F~^ . This can be checked by a computation using the fact that 
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SU{2) X 05 with g — f ■ b, a, property that we summarize by writing SU{2)'^ = 
SU{2) ■ *B. Moreover 05 is a solvable Borel subgroup. We can choose for example 

« := I ( T| ) ' ^2 G (0- oo). Tl e C, T^Ti = 1 

We denote by b the Lie algebra of 5B. The Iwasawa decomposition SU {2)^ — SU (2) • 
05 immediately implies the vector space decomposition 5u(2)'^ — 5u(2) b, which 
leads to the definition of the two projection mappings '■ su(2)''' — > 5u(2) and 
(•)b : su(2)'^ — > b such that 

Ve G su(2)C, ^ - (O.u + (Ob with (O.u e su(2) and (^b € b. 
Then we define the following twisted loop algebras 

Au(3)f := 9 A ^ e u(3f /VA e 5\ r(G) = 6a}, 
A+u(3)^ := {[A ^ Ca] e Au(3)^/Vfc e Z, fc < -1 =^ ^ = and fo e b}, 
where we use the Fourier decomposition ^\ = 'Ylkei^'^^^ ' 

The decomposition su(2)*' ~ 5u(2) © b can be extended to loop algebras, i.e. to the 
splitting Au(3)J: = Au(3)r ® A+u(3)^. This can be checked by using the Fourier 
expansion of an element £ Au(3)I^: 

E - ( E ffc^' + (^0)- - E (^-0 ^ ) + ( (^o)b + E (^^ + (^-0 ^ 

/cGZ \fc<0 A:>0 / V fe>0 ^ 



We will denote the corresponding projection mappings by (•)a : Au(3)^ 



Au(3), and (Oa^ : Au(3)^ A+u(3)C 




We also introduce the following finite dimensional subspaces of Au(3)r: for any 
p e N we let 

A2+4Pu(3), := |[A ^ a] e Au(3),/G = 

We can now define a pair of vector fields Xi,X2 : A'^^'^Pu{3)t — > Au(3)i- by 

XiiCx) := Ka, (AnA)A, J, X2(a) := Ka, (*A4?'6)a.J. (3.1) 
Note that X'^p£,x belongs to Au(3)!^, so that (A'*pCa)a,„ is weh defined. 

Lemma 3.1. Let p eN and Xi and X2 defined by Then 

- G A2+4Pu(3),, Xi(6),X2(eA) e T4,A2+4Pu(3), ~ A2+4Pu(3),, so </iat Xi 
anrf X2 are tangent vector fields to A'^~^'^Pu{3)t- 

- I^Ap is preserved by Xi andX2. Hence the flow of these vector fields are defined 
for all time 

- The Lie bracket of Xi and X2 vanishes: 

[Xi,X2]=0. (3.2) 

Proof. This result follows by a straightforward adaptation of the analogous re- 
sults for harmonic maps in [31 (see e.g. [Hj and |S]). Note that the proof of H3.2|l rests 
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upon the crucial property that Au(3)r and Aj["u(3)!^ are Lie algebras (see e.g. 

m). □ 

This result allows us to integrate simultaneously Xi and X2. So for any G 



A^+'*^'u(3)t there exists a unique map ^. 



and 



^^A ^^A 

— {x,y)=Xi{£,x{x,y)) and —{x,y)^X2{^\{x,y)) 



A2+4Pu(3)^ such that ^(^o) = £.1 

(3.3) 



Denoting by z 



iy G C, the system (|3.3f) can be rewritten 



eA,(AnAdz)^_ 



Let us denote by A\ :— {X'^P£^\dz)A^^. Since the system (|3.3|) is overdetermined, A\ 
should satisfy a compatibility condition. Indeed one can check that 



dAx + A = 0. 



(3.4) 



This relation can be proved by a method similar to the proof of (|3.2|l (see ^). It 
implies that there exists a map Fa : C — > AU{3)t such that 



Now observe that A'^^'^a — J2k~-2 &-4pA''' implies 



dFx^Fx-Ax. 

8p+2 ^ ^fe 



(3.5) 



Ax = X-'£- 



ip-2 



dz+X-^£- 



4p- 



-idz+(^i^ipdz^ -A(^^-4p-i) dz- X'^ (^i^ip^2^ dz. 



We recall that ^-4^,-2 G 11(3)2 and so has the form diag(«a, m, i5). Moreover we 
have the following result. 

Lemma 3.2. // ^ a — * A2+'*Pu(3)t and Ax := {X^P£xdz)A^^ are solutions of 
d£x — [£\,Ax], then ^_4p_2 *s constant. 



Proof. The relevant term in the Fourier expansion of d£x = [Ca,^a] gives 



d£- 



4p-2 



4p-2, 









+ 



dz 



C-4p, '^-4p-2 



dz 



4p-2 



But since the coefficients of (^i-ipdz^ are in u(3)q and |_4p_2 takes values in u(3)2 



we deduce that (i^_4p-2 — 0, because u(3)o and u(3)2 commute. 



□ 



We deduce from this result that if we choose the initial value ^° of ^a to be such 
that ^°4p_2 = diag(ia, ia, 0) then ^_4j,_2 is equal to that value for all {x,y). So in 
this case the map -Fa obtained by integrating Ax satisfies all the requirements of 
Theorem l2.(il It implies that Fa represents a (conjugate family) of Hamiltonian sta- 
tionary conformal Lagrangian immersion(s). The category of such Fa's are exactly 
characterized by the following definition. 



Definition 3.3. Let Fa be a family of Hamiltonian stationary conformal La- 
grangian immersions and let Ax '■= F^^ ■ dFx. Then Fa is called a family of finite 
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type solutions if and only if there exists p G N and a map : C — > A^+'*Pu(3)t- 
such that ^-4p-2 — diag(ia, ia, 0), for some constant a g C, and 

rf6-[6,^A] (3.6) 

(A4pCArf^)A,„ = Ax. (3.7) 

We also need the following definition in which we introduce an a priori weaker 
notion of finite type solution. 

DEFINITION 3.4. Let Fa be a family of Hamiltonian stationary conformal La- 
grangian immersions and let Ax F^^^ ■ dFx- Then Fx is called a family of quasi- 
finite type solutions if and only if it satisfies the same requirements as in definition 
13.31 excepted that condition 1)3. 7|l is replaced by 

3Befl^® u(3)^, {X''Pixdz)A,^ =Ax + B. (3.8) 
We shall see in Section 3.3 that both definitions are actually equivalent. 

3.2. An alternative description of quasi-finite type solutions 

We may as well characterize such finite type solutions in terms of Ex = Fx - F^^. 
For that purpose we need to introduce the untwisted loop Lie algebra 



A+u(3)^ := {S'BX^^xe uiSf/^x = ^ ^^^'l 
and observe that any ^x = SfcL-oo ^kX'^ G Au(3)''' can be split as 

/ — 1 \ / oo oo 

6= E 6(A'=-i)-(a)nA-'--i) + Ef^^' + E^-'= + (^-'=)^(^'-i) 



\k=0 k=l 



and hence Au(3)''' = Qu{3) A+u(3)*'. This defines a pair of projection mappings 
(•)n : Au(3)C — > nu{3) and {■)a+ : Au(3)C A+u{Sf. 

Now consider a family Fx of quasi-finite type, let Ax :~ F^^^ ■ dFx, A :— F^^ ■ dF 
(where F — Fx=i) and £_x be a solution of (|3.6(l . We let 

2+4p 

r,x:=F-ix-F-' = ^ ^ ' & ' ^"'A^ 

Then ()3.6(l implies by a straightforward computation that 

dvx = F-{d(x + [A,^x])-F-^ 

- F-i[Cx,Ax] - [ix,A])-F-^ - [77A,rA], 

where Fa := ■ dEx. Now setting Rx := Efct% ^ ' 6 ' F-^X'', we have 

{X'^Pf]xdz)^ = (^X-^F ■ f_2-4p • F-^dz + X-^F ■ f_i_4p • F'^dz + X'^^Rxdz'^^^ 

= (A-2 - l)F • ^-2-4p • F-^dz + (A-i - 1)F ■ e-i-4p • F-^dz 

-(A - 1) (f • e-i-4p • F-i) ^ - (A2 - 1) (f • f_2-4p • F-^y dz. 
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But relation H3.8|) implies in particular that ^_2-4p = A'2{d/dz) and ^-i_4p = 
A^i{d/dz). So we deduce that 

Hence E\ can be constructed by solving a system analogous to (|3.6|) . H3.7() . i.e. 

d77A + [rA,77A] =0 and Ta = (A^PyyAdz)^ . (3.9) 

Conversely a similar computation shows that a solution of (|3.9|) gives rise to a quasi- 
finite type family of solutions by an inverse transformation, but we shall prove more 
in the next section. 

Note that system (|3.9ll can also be interpreted as a pair of commuting ordinary 
differential equations in the finite dimensional space A^"'"*Pu(3) := {S^ 3 A i — > 
■qx £ u{3)/?]\ = X]fc=^2-4p Vk^'^}- It is the analogue of the definition of a finite type 
solution according to 

3.3. Quasi-finite type solutions are actually finite type 
We show here the following 

Theorem 3.5. For any family Fx of Hamiltonian stationary Lagrangian confor- 
mal immersions of quasi-finite type, i.e. such that there exists £,x ■ ^ — > A^+'*^'u(3)r 
which satisfies H^.b]) and fjj.yp . there exists a gauge transformation Fx ' — > F^ := 
Fx ■ G, where G G C°°{fl, U{3)o), such that F^ is of finite type. More precisely, de- 
noting byAf G-^-Ax-G+G^^-dG and^f := G-^-S^x-G, then d^f +[A^ = 
G^i • {dix + [AxAx]) ■G = and (A^P^f dz)A,„ = Af. 

Proof We set Ex := Fx ■ F-\ Fx E^^ ■ dEx and r/A F ■ ^x ■ F-^ and will 
use the results of the previous section. 

A constant in A2+4Pu(3)r associated to the quasi-finite type family — First (|3.9|l . 
which is a reformulation of l|3.6|l . implies 

d {Ex ■ vx ■ E-^) = Ex ■ [d-qx + [Fa, 77a]) • ^a ' = «• 

Hence 

ql Ex ■ rix ■ E'^ 
is a constant in Au(3). Moreover 

rfi = Ex{zq) ■ rjxi^o) ■ E-\zo) = mi^o) = ^^(^o) • ^(^o) • ^^"'(^o) = U^o), 
which proves that ry" e A^+"'Pu(3)r. 

An auxiliary map into A+C/(3)^ — We let 

Oa := {X^Pvxdz)^^ = X^Prjxdz - {X^^mdz)^ . 
Then using H3.9() we have 8a = X'^^rjxdz — Tx and so 

dVx + Ta A Ta + dSx - Oa A Ga = -X^^p (drjx + [Tx, m]) f J: ) dz A dz ^ 0. 
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But since dTx + Ta A Ta = this implies that dQx -QxAQx = 0. Hence 3\Vx : 
n — > A+U{3f such that 

dVx = ex-Vx and Vxizo) ^ I. 

Now, starting from X'^P-r/xdz = Fa + Oa, we deduce that 

X'^Prildz = Ex-Tx-E^^+Ex-Qx-E^^ 

= dEx ■ E^^ + Ex ■ dVx ■ V^^ ■ E^' 
= d{Ex-Vx){Ex-Vx)-\ 

which can be integrated into the relation 

Ex-Vx^e'""'^^-^''^^". 

An Iwasawa decomposition of '"i^-^oJnx — The latter imphes 

e^'"^^-^"^^'" ^Fx-F~'-Vx. 

^From this relation and the fact that ijI and Fa are twisted we deduce that Wx '■= 
F^^ ■ Vx is twisted. It is also a map with values in A+[/(3)^. However it may not 
be not in A^C/(3)^ in general, because in the development 

oo 

F-l•FA = VFo + ^VFfeA^ 

we are not sure that Wq takes values in 03. But it takes values in U{3)q, so by 
using the Iwasawa decomposition ?7(3)q = U{3)o ■ S we know that 31G £ U{3)o, 
3\Bo G 05, Wo = G • Bo- Hence 

OO 

k=l 

takes values in A^[/(3)^. So the sphtting 

^x^-{z-zoWl ^ (^^ . G) • F-i • Vx) 

exactly reproduces the Iwasawa decomposition A?7(3)I^ = Af/(3)r ■ A^J7(3)^ proved 
in[S]. 

Conclusion — Let us denote by Ff := Fx ■ G, := (Ff • dF^ = Q-^ ■ Ax ■ 
G + G-^ ■ dG and Bf := G-^ ■ F-^ ■ Vx and let us introduce 

(These definitions imply immediately d£_x + i^x^^x] = 0-) The first main observa- 
tion is that the relation 7]°^ Ex-r]x- E^^ = Fx ■ F-^ • r/A • F • F^^ ^ Fx ■ ^x ■ F'^ 
implies 

= • F^-i • 77^ Fa • G = G-i • • G. (3.10) 
Second, from the relation 

= d{F^-B^)-{F^-B^y' 

= dF^ ■ (Ff + Ff . dB^ ■ {B^y' ■ (Ff)-^ , 
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we deduce that 

X^^^^dz = {F^y' ■ (X'^vldz) ■ = {F^y' ■ dF^ + dB^ ■ {B^y' . 
Hence, since B'^ takes values in A^C/(3)^, 

= = (An?dz)^^_ . (3.11) 

And relations H3.10|l and (|3.11|) lead to the conclusion. □ 

4. All Hamiltonian stationary Lagrangian tori are oj finite type 
The subject of this section is to prove the following: 

Theorem 4.1. Let u : C — > CP^ he a doubly periodic Hamiltonian stationary 
Lagrangian conformal immersion. Then u is of finite type. 

We will actually prove a slightly more general result, since we can replace the 
doubly periodicity assumption by the hypothesis that the Maurer-Cartan form of 
any Legendrian framing of u is doubly periodic. This result of course implies imme- 
diately that Hamiltonian stationary Lagrangian tori are of finite type, since they 
always can be covered conformally by the plane. 

Note also that the study of Hamiltonian stationary Lagrangian tori splits into ex- 
actly two subcases: the minimal Lagrangian tori and the non minimal Hamiltonian 
stationary Lagrangian ones. The first case occurs when the Lagrangian angle func- 
tion along any Legendrian lift is locally constant, the second one when this function 
is harmonic and non constant. In the case of minimal Lagrangian surfaces, Theorem 
14.11 is a special case of the result in jsj , since in this case u is a harmonic map into 
CP^ , as discussed in |14| , flB , 16" and |12j . The non minimal case however is not 
covered by the theory in j^j and is the subject of this section. 

Let F : C — > U{2>) be a Legendrian framing of u, A := F~^ ■ dF its Maurer-Cartan 
form and A\ the family of deformations of A as defined by H2.4|l . The first basic 
observation is that A2 (^) is holomorphic and doubly periodic on C, hence con- 
stant. Thus two cases occur: either A2 (^) = 0, which corresponds to the minimal 
case that we exclude here, or ^2 (^) is a constant different from 0, the case that 
we consider next. 

In order to show Theorem 14.11 we need to prove that there exists some p € N and 
a map : C — > A^+^Pu{3)t such that d^x = Ka, ^a] and Ax = iX^P^\dz)A,^. But 
thanks to Theorem 13.51 it will enough to prove that Ax — iX'^^^xdz)^^^ is a 1-form 
with coefficients in u(3)o. Our proof here follows a strategy inspired from |3]: a first 
step consists in building a formal series Yx = ^T=-2 ^kX'^ which is a solution of 
dYx = [Yx , Ax] . Such a series is called a formal Killing field. We will also require 
Yx to be quasi- adapted, i.e. is such that 

{Yxdz)\_.^^ ~ Ax + B, where the coefficients of B are in u(3)o. (4.1) 

This is achieved through a recursion procedure. 
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In a second step we will show that the coefficients of Y\ form a countable collec- 
tion of doubly periodic functions satisfying an elliptic PDE and hence, by using a 
compactness argument, we conclude that they are contained in a finite dimensional 
space. Then we deduce the existence of using linear algebra. 

4.1. Construction of an adapted formal Killing field 
We first introduce some notations. We denote by 




and a 5§§ (here a constant different from 0). Then A2 = ia-K^dz. We will also 
set X := A_i (^) and C Aq (^), so that 

Ax = X^'^iaiT^dz + X^^Xdz + Cdz - dz - dz + X^iair^dz. 

We also introduce the hnear map adTTjf : u(3)''' — > u(3)'^, acting by ^ 1 — > [7r|j-,^]^'. 
We observe that -Kq commutes with the elements in u(3)o and u(3)2 • Moreover 



Va, h e C, 



'0 ' 



a 
b 

^ib ±ia 



a 

b 

±ib =Fm 



that is adiTQ maps u(3)^i to u(3)^i. ^^From that we deduce that V := KeradTTjj- 
coincides with u(3)o ®u(3)2 and Imadyr^j- coincides with u(3)^;^®u(3)2 (note 

that is actually the orthogonal subspace to V in u(3)'''). In our construction we 
will use extensively the following properties: 

- the map ad ttq | y±^y± is a vector space isomorphism (it is actually a involution 
on V^), 

- the inclusions VV C V, VV^ d V^, V-^V C V-^ and V^V^ C V. These 
properties can be checked by a direct computation using the fact that matrices 
in V are diagonal by blocks and the matrices in V-^ are off-diagonal by blocks. 
(The three first properties can also be deduced from the definition of V and 
y-"- and the fact that ad is a derivation). 

We look for a formal Killing field Yx, i.e. a solution of the equation 

dYx^[Yx,Ax], (4.2) 

of the form Yx = {1 + Wx)-^X-'^iaTT^{l + Wx), where Wx = E^o VVkX'' as in [3]. 
In order to have a well-posed problem (and in particular to guarantee the existence 
of an unique solution of this type) we assume that Wx takes values in V-^ . We start 
by evaluating (|4.2() along d/dz. It gives, after conjugation by 1 -f Wx- 



da 

r 

(1 + Wxr^ - (1 + Wx)iX-^iaT:^ + X'^X + C)(l + VKa)"^] - (4.3) 



dz 

Here the fact that a is a constant leads to an immediate simplification, namely 
that the bracket in the left hand side of (|4.3|l is 0. Thus equation (|4.3|l implies that 

^Actually the map ^ 1 — > ^I^tf ,C] corresponds to the complex structure on the Legendrian distri- 
bution. 
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^(1 + Wx)-^ - (1 + Wx)iX-^iaTr^ + X'^X + C)(l + Wx)-^ lies in V, hence there 
exists a map (px : C — > V such that 

or 



(1 + Wx)-' - (1 + VFA)(A-2ja^^ + A-iX + C)(l + Wx)-^ = (^a 
(1 + Wx)iX-^iaTr^ + X-'X + C) = ipx{l + Wx), 



dWx 



dz 

which can be projected according to the sphtting V V^^ as 

r X-^ian^ + X-^WxX + C = -ipx G V 

I - X-^iaWxTT^ - X-^X - WxC = ^pxWx e 

^ oz 

Substituting ipx, 
dWx 



X-'^iaWxT^o - •^"^^ - ^aC + X-'^iaT:^Wx + A-^W^a^W^a + CWx = 



or 



or 



[ia^^.Wx] + A(M/a^W^a - ^) + A2[C, M^a] + A^^ = 

oz 



ia^[^^,T?„]A" + ^ W^feXT?„_i_fe A" - AX 

n>0 n>l \fc=0 / 

n>2 \ / 

Hence 

71 = 0, w[7r^,Wo]=0 
71=1, ia['K^,Wi] + WoXWo- X = Q 

n > 2, ia[Tr^,Wn] + ^ t?feXW^„_i_fe + [C, 1?„_2] + = 



dz 

k=0 



and thus 

Wo = 



W, = ^ia-^7:^,X] 



Wn = ia 







^0, WkXWr^-l-k + [C, Wn-2\ 



dz 

fe=0 



We observe that the formal Killing field is quasi- adapted in the sense that the two 
first coefficients are the right ones: 

Yx - ^aA-2(l + VKa)" ^0^(1 + T^a) = ^aX'^ (n^ - X[Wi,tt^] + ©(A^)) 

= X'^ian^ + X-^X + 0{l). 

Another pleasant property is that this formal field is automatically twisted (as in 
the case of C^, see |10p. Indeed using the fact that t is an automorphism for the 
product of matrices as well as for the Lie bracket (and so [u(3)J^, u(3)^] C u(3)^_^j, 
and u(3)^u(3)^ C u(3)J^+J, we obtain that 

t{Yx) = r(l + VFA)-i(-A2)za^o^T(l + Wx). 
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Thus it is enough to show that 1 + W\ is twisted, i.e. t(Wa) = Wi\. In terms of 
the Fourier decomposition of W\ this is equivalent to proving that Wn belongs to 
u(3)^. Let us prove it by recursion. We already know that Wi — ~ia^^[TrQ , X] is 
in u(3)i . Assume that the result is true up to n — l,then 

belongs to u(3)5J_2- And since ttq e u(3)2 , W„ is in g^. 

We now prove that (|4.2|) is also true along d/dz. We follow here the same kind 
of arguments as in [3] slightly simplified^ . We want to show that 



dYx 

dz 



= 



and for that purpose we rather consider the conjugate of the left hand side Ca 
(1 + Wx){^ + [Ax (^) , Yx]){l + Wx)-^. We then prove two facts 
- takes its values in V^: this follows from the identity 



Ca 



X-'ian^, -gf{l + Wx)-' - (1 + Wx)Ax ( ^ ) (1 + WxY 



Note that since (x is twisted the fact that Ca G implies also that Ca is an 
odd function of A and so that 



a = ^(:2k-iX''-'. (4.4) 

fe=0 



I.e. 



the relation 

?r = bA,CA]. (4.5) 

oz 

Indeed d+adAx is a flat connection and in particular -^+11(1 Ax{-^) commutes 
with ^+^a(^). Hence 

+ (^) )<" + + = 

Thus (|4.5() follows from a computation which uses ipx — ^^-^(1 + M^a)^^ ~ (1 + 

Wx)Ax{S;){l + Wx)-\ 
Now assume by contradiction that Ca 7^ 0: in view of (|4.4|l there exists an integer k G 
N such that C2fe-i 7^ and C2/C-3 = 0. By substituting the Fourier decompositions 
in H4.5|l and observing that the Fourier series expansion of (fx starts by A^^WTr^f , 
we deduce that = dC2k-3/dz = [zaTrJ-, C2fe-i]; but adTrJ- is invertible on and 
hence C2fe-i = 0. So we get a contradiction. 



t essentially the simplifications occur because the semi-simple term B of 3 is here ianQ which 
is constant for d, so we do not need to introduce a flat connection. 
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4.2. Polynomial Killing fields 

We now deduce the existence of a non-trivial polynomial Killing field. 

A first easy consequence of the results of the previous section is that, for all n G N 
and for all polynomial of the form P(A) = a„A~'*" + a„_i A"'*'^""^-' + • • • + oq, where 
ao,ai, • • • , a„ € C and a„ 7^ 0, then Zx := P(A)1> is again formal Killing field. 
Moreover it is quasi-adapted (modulo the multiplicative factor a„A^''"), i.e. the 
lower degree terms are a„A~'*" (mA~^7rJ- + X~^X + ©(A"))). Let us consider 



so that Z\ 



Z< :— ^fcA' 

fc=-2-4n 

Z<+ Zy. We study 

Rx := dZ< + [Ax, Z< 



and Z>:=^^fcA^ 



fc=i 



(4.6) 



We first remark that R\ is necessarily of the form Rx — J2k=-4:-4n ^k^'' ■ But 
because of dZx + [Ax, Zx] = 0, we also have 

Rx ^ -dZy ~ [Ax, Zy], (4.7) 
which implies Rx = X)fcL-i ^fcA''". Hence finally 

Rx = A ^i?— 1 + i?o + A^i?i + \^R2. 

Each term i?^ can be evaluated through two different ways: by using H4.6|l or (I4.7|l . 
From 14. 6() we obtain 



i?-i(a.) -a,z_i + [A_i(a,),Zo] 

i?o(5.) =a,Zo-}-[Ao(5,),Zo] 

i?i(5.) = 
Md,) = 



[Ao(9.),^- 



(4.8) 



and 



R-iid,) = d,Z^i + [Ao{d,), + [Ai{d,),Z^2] + [A'iid,), 
Roid,) = d,Zo + [Aoid,), Zo] + [Ai(9j), + [A'^{d,),Z^2 
Ri{d,) = [Ai(d,),%] + [A'i{d,),Z_^\ 
, R2{d,) = [A'i{d,),Zo\. 

^From (|4.7|l we get 

i?_i(a,) = -[A^(5,),Zi] 

i?o(9.) = -[A'2{d,),Z2] - [A_i(9,),Zi] 

i?i(a,) = -dX - [^2(5.), ^3] - [A_i(a,),Z2] 

i?2(9.) = -5,Z2 - [A'2{d,),Zi] - [A_i(5,),Z3] 



(4.9) 



[Ao{d.),Z^] 
[Ao{d.),Z2] 



(4.10) 



and 



i?-i(5.-) -0 
Mds) = 

i?2(5.-) = -a,Z2-[Ao(a,-),Z2] 



(4.11) 



[Ai(9,-),Zi]. 

Thus in order to obtain an expression of Rx which does depend only on Z_i and 
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Zq, we exploit H4.8|l and the two last equations in H4.9(l . But instead of using the 
two first equations of (|4.9|) we take the two first ones of H4.11|l . This gives us 

Rx{d.) = + [A_i{d,),Zo] + [Ao{d,),Z-i]) + (^d,Zo + [Ao{d,),Zo]) , 

(4.12) 

Rx{d,) = A {[A,{d,), Zo] + [A'^{d,), + X^[A'^{d,),Zo]. (4.13) 

These relations will imply that Z_i and Zq satisfy a second order elliptic equation. 
In order to prove that we need to establish another relation between R\{dz) and 
R\{dz). For that purpose recall that dA\ + A\ /\ Ax =0, which means that the 
connection d + ad Ax has a vanishing curvature. In particular 

0= {d + adAx)o{d + adAx)Z< =dRx + [Ax/\Rx]- 

This implies 

^^W^ - = [Ax{dz),Rx{d,)] - [Ax{d,),Rx{dz)]. (4.14) 

A substitution of 14.1211 and (|4.13|) in 14.14|l gives a system of linear elliptic equations 
on Z^i and Zq. Since the space of solutions to this system which are periodic is 
finite dimensional, it turns out that Z_i and Zq belong to a finite dimensional 
vector space. Hence relations (|4.12|l and (|4.13|) force Rx{dz) and Rxi,dz) to stay in 
a finite dimensional vector space. 
We can conclude: let us consider 

7^ := {RxlRx{dz),R\{dz) are given by (jO^ and (j^^ and satisfy ^J^}. 

It is a complex finite dimensional vector space. Let us also denote by Vn :~ {PW — 
a„A-4« + a„_iA-4(«-i) + . . . + ao/(ao, . . . , a„) e C"+i} and y}r.&{P-a- 

The linear map "Poo 3 f(A) i — > dZ< + [Ax, Z<], where Z< = {P{X)Yx)^ takes 
values in TZ and so has a finite rank, say n. Then since dimc'Pn = n + 1, the map 
Vn 3 -P(A) I — > dZ< + [Ax, Z<] has a non trivial kernel: let P(A) = X^Lo afcA~'"= be 
a non trivial polynomial in this kernel. Let 4p be the degree of P in A~^, i.e. such 
that P{X) — X]fe=o "^fcA^""^ and Op ^ 0. Without loss of generality we can assume 
that ttp = 1. Then ^x := {P{X)Yx)< - {P{X)Yx)l^ is a solution of (|S3|) and I^D^ . 



5. Homogeneous tori in CP^ 

We describe here the simplest examples of Hamiltonian stationary Lagrangian 
tori in CP^: the homogeneous Hamiltonian stationary Lagrangian tori, i.e. immer- 
sions w of S*^ X into CP^ such that u{x + t,y) = e^^u{x, y) and u{x, y + t) = 
e*^u{x,y) for some skew-Hermitian matrices A and B. Notice that A and B are 
only defined up to addition with a multiple of ild. The simplest example is the 
Clifford torus, namely the image by the Hopf map tt of the product torus {z = 
(z^, z^, z^); |z^| — |z^| = |z^| = 1/V3}. This torus is minimal. The main result 
states that all homogeneous Hamiltonian stationary Lagrangian tori are similar to 
the Clifford torus. 



Theorem 5.1. Any homogeneous Hamiltonian stationary Lagrangian torus in 
CP^ is the image by the Hopf map of some Cartesian product riS^ x r2S^ x r^S^ = 
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{z = {z'^,z'^, z^); Iz^l = ri, |z^| = r2, \z^\ = rs} where + r| + r| = 1, up to U{3) 
congruence. Moreover, the torus is special Lagrangian if and only if ri = r2 = r^ = 

Vs. 

Proof. Let us first see why 7r(r) is a Hamiltonian stationary Lagrangian torus 
in CP^, where T = riS^ x r2S^ x raS^. Indeed it suffices to show that 7r(T) admits 
a Legendrian prcimage. Let 

f{x,y) := (rie'"^-''i)^-''2'^\r2e^(-''i'^+(^-''2')^\r3e*(-''i^-''2'^)) . 

Then the orbit under the Hopf action of the image of / is exactly the 3-torus 
T above and tt o / is doubly periodic with periods (27r, 0) and (0, 27r). Note that 
this immersion is not conformal but there exists an orthonormal Hermitian moving 
frame (61,62) such that || ri^l - ei and |^ = ---^a=(r3e2 - rir2ei). And 

it is easy to check that / is Legendrian (and flat). Its Lagrangian angle function is 

I3{x, y) = x{l - 3rl) + y{l - 3ri) + n 

and since the metric is flat, /3 is clearly harmonic, and constant if and only if 
fi = r2 = r^ = I/a/S. Notice that many of these tori do not lift up to as 
Legendrian tori (they do not close up). Indeed the Maslov class is not always an 
integer: for the implicit homology basis, t 1 — > (27rt, 0) and t 1 — > (0,27rt), it is 
(1 — 3rJ,l — 3r|). However, if all r? are rational, the torus in CP^ possesses a 
Legendrian toric multiple cover. 

Suppose now that u : x > CP^ is a homogeneous Lagrangian immersion. 

According to our definition u has a lift u such that 'k{u{x + t.y)) = iT{e^^u{x,y)) 
and 'iT{u{x,y + t)) = Tr{e*^u{x,y)). In particular 7r(6^'^6^-^p) — TT{ey^e^^p), for any 
p G in the image. However the image is never contained in a complex subspace 
of C^, hence [A, B] e iRId. Since [A, B] is traceless, A and B commute. 

The obvious (non Legendrian) lift in is (x, y) 1 — > e^^^e^^p where now p = 
{pitP2,P3) is a fixed point mapped by the Hopf map tt to ^(0,0). A Legendrian 
lift u takes the following form: u{x, y) = e^^^^'^'^e^'^e^^p for some function 9. The 
horizontality condition imphes {{i^Id + A)p,p)c3 = so that || = i^^^j^^ is 
a constant. The same holds in the y direction so we can define the lift u(x,y) = 
^xA+yBp .^^jjgj-g ^ — ^ ^ and B = B + i^Id are two commuting skew- 

symmetric matrices. (Notice that u is only defined on the universal cover M^.) The 
base point p depends of course on the choice of origin and is only defined up to 
multiplication by a complex unit number. Nevertheless it plays an important role. 

Consider now the metric induced by u. Due to homogeneity, it is a constant 
metric on the (x, y)-plane. By doing a simple change in variables, we may as well 
assume that the metric is the standard plane metric, in other words the immer- 
sion is isometric. (Of course that will change the matrices A and B, but since they 
are replaced by some real linear combination of themselves, the properties men- 
tioned above still hold.) Henceforth we suppose that u is an isometric homogeneous 
Legendrian immersion of the plane. 

Up to a unitary rotation in we may suppose that A is diagonal, and write 
A = I diag(ai, a2, as) with real coefficients ai,a2,as. We will now consider three 
cases and show that only case (i) is possible. 

(i) Suppose B = idiag(6i, 62, ^3) is diagonal. Then the surface lies inside the 
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three torus T — [pil^-^ x |p2|<5'^ x bsIS*^- Necessarily it lifts 7r(T). Isometry 
will constrain the coefficients to be as above, 
(ii) One and only one of the off-diagonal coefficients of B is non zero. We can 
assume it is 612 up to permutation of the coordinates. Commutation of A 
and B forces oi =02, while 03 7^ ai, otherwise we would get a contradiction: 
A cannot be a multiple of ild. Let us first look at equations involving A. 
The immersion being isometric in S*^, \p\ — \Ap\ — 1 

1 = \P1? + \P2? + \P3? = a?(biP + \P2?) + a^baP 

but it is also Legendrian, so 

Lo{Ap,p) = {iAp,p)c^ = ai(|pi|^ + \P2\^) + aabsl^ = 0. 

Hence 

I l2 I l2 ^3 I |2 Q'\ 

\pi\ + \P2\ = , IPS] = and aifls = -1 

03 ~ ai 03 - ai 

excluding thus ai = 0, and finally 

\Pl\' + \P2\' = T^ , \P3\'= 



l + ai ' l + ai 

Take now into account the Legendrian constraints on B: 



B = 



ibi 612 





—612 ib2 








63 








+ 2 






3 





= {Bp,p)c3 



0= {Bp,Ap)c3 = y^qjbjlpjp + 2QiIm(6i2PiP2)- 

1 

Uniting both, we deduce 

ai&ibiP + ai&2b2p + aibalpsl"^ = ai&i|pip + ai&2b2p + asb^lpsl 
Since jpsj 7^ and oi 7^ 03, 63 vanishes. The remaining equations are: 

\Pl\' + \P2\'= ' 



bi\pi\^ + 62^21' + 2Im(6i2prP2) = (5.1) 



{bj + \bi2\^)\pi\^ + {bl + \bi2\'')\p2? + 2(5i + &2)Ini(&i2prP2) = 1. (5.2) 
Finally we infer a contradiction: indeed equation H5.1|l amounts to the exis- 
tence of an isotropic vector [pi , P2) for the skew-hermitian matrix [ ^7— 

\ —bi2 ib2 

and that requires its determinant |6i2p — ^162 to vanish. Plugging this into 
l|5.2|l . we obtain 

{bl 62)(6i|piP + 62IP2P + 2Im(6i2prp2)) = 1, 
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obviously contradicting (|5.1|) . 
(iii) If at least two ofF-diagonal coefficients of B are non-zero, then A = iaild. 
But that contradicts {Ap\p) = 0. So that case is also excluded. 

Notice that in the language of integrable systems, homogeneous tori correspond 
to vacuum solutions and are of finite type for p = 0. □ 
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